The force that is produced from the momentum change of a stream of photons incident upon micrometer-sized spheres is developed from a ray-optic model. The resulting force component expressions, axial and radial with respect to the photon stream center and incident direction, are in a form that makes them suitable for computer modeling of the levitation phenomena. Simulated results presented are in excellent agreement with published experimental observations.
INTRODUCTION
The acceleration and trapping of particles by radiation pressure dates back to 1970, as first reported by Ashkin. 1 In his original work, single particles could be suspended by a balance between an upward radiation pressure and downward-acting gravity. The technique opened the door to the study of single suspended particles, molecules, biological cells, and water droplets. 2 In 1986 Ashkin et al. 3 showed that optical trapping was possible with a tightly focused laser beam. Optical levitation and trapping continue to be of considerable interest in many research and application laboratories.
The interaction of light beams with spherical objects has been studied extensively, mainly because of the common occurrence of the spherical scattering center. As a result of this interest many models used in the development of the radiation pressure expressions are based on light-scattering theories. 4 -6 The expressions obtained, although they are capable of producing exact numerical results, can be quite involved mathematically and difficult to apply to nonspherical scattering centers and arbitrary light-beam profiles. Simplified and approximate models for the radiation pressure have been developed, with geometrical optics used as their starting point. 7 -9 The simplified approach, although it is less exact, is in reasonable numerical agreement with the forces observed experimentally. Furthermore, the geometrical approach can be applied to nonspherical particles and various beam profiles without serious changes in the analytical procedure. In this paper we develop the force expressions for the optical levitation of micrometer-sized spheres situated in a Gaussian-shaped laser beam by using a ray-optic model to describe the behavior of the photon stream. Numerical computations are presented that illustrate graphically the published experimentally observed results. The advantage of the derivation and expressions presented in this paper lies in the fact that they are conceptually simple to follow and easy to apply to a wide variety of particle shapes and beam profiles.
ANALYTICAL DEVELOPMENT
The derivation of the force expressions obtained for a particle are dependent on the shape of the particle and the shape of the radiating beam. In our derivation we consider only spherical particles located in a Gaussian beam profile. This choice will enable us to compare numerical results with previously published experimental results of others. General expression for any particle shape and beam profile would be extremely complicated, if at all possible, to obtain in closed form. As will be observed in our force derivation, other particle shapes and beam profile geometries can easily be accommodated with little change in the overall derivation procedure.
A typical transparent sphere, shown in Fig. 1 , has a stream of photons incident upon the lower surface at a position (r) with respect to the central axis. If the stream of photons is treated as a ray, part will be reflected at this surface and part will be refracted. The refracted photons will be deviated from the initial direction and be incident onto the upper surface of the sphere. At this surface, part of the photons will be reflected and part will be refracted. We will not consider any additional reflections and refractions from the reflected contribution at the upper surface because they would be of minor intensity compared with the incident flux at the lower surface before refraction. (This condition is especially true when the relative index of refraction between sphere and ambient medium is close to 1.) The part refracted out of the sphere at the upper surface is assumed to propagate freely and not to encounter this or other spheres again. In the derivation to follow, we decompose the effects caused by the stream of photons into one that acts axially and one that acts radially with respect to the sphere's central axis.
A. Axial Force
The sphere is assumed to be located close to the central axis of the photon stream in such a way that the photons have nearly axial velocities before the interaction with the sphere. This is an acceptable approximation because 
where F is the force on the particle, dp is the total momentum change on the particle produced by all photons, and dt is the interval of time over which dp is measured. Relating dp͞dt to the physical properties of the light beam and particle shape is accomplished as follows:
(A) The momentum of a single photon is given by the well-known de Broglie relation
where h is Planck's constant, l 0 is the wavelength of light in free space, and n 0 is the medium through which light propagates. As the photon is reflected or refracted at the surface of the sphere the axial component of the photon's momentum will, in general, change because of the change in direction of the photon. At the lower surface of the sphere in Fig. 1 the change in the axial component of the photon's momentum on reflection is given by
where u 1 is the angle formed between the photon's incident direction and the normal to the surface of the sphere. We consider the collision between the photon and the sphere to be elastic; therefore the law of conservation of momentum is employed. The negative of expression (3) is the momentum given to the sphere from a photon reflected from the lower surface of the sphere:
The momentum transfer given to the sphere that results from a photon's being refracted at the lower surface, Dp 1tz , and reflected or refracted, =p 2rz or Dp 2tz , at the top surface can be expressed as
where u 2 is obtained from u 1 by Snell's law at the surface of the sphere. The first subscript indicates the lower surface, 1, or the upper surface, 2, of the sphere; the second subscript indicates the type of photon interaction, r for reflection or t for transmission; and the third subscript indicates the reference coordinate, z for axial or r for radial.
(B) The relative number of photons that are reflected and refracted at each surface can be obtained from the power reflectance and transmittance coefficients. The power reflectance coefficient used is
where r TE and r TM are the complex amplitude reflectance for TE and TM polarization, respectively. The net result of using Eq. (8) is that the photon stream can be considered to be composed of an equal number of photons in both polarizations. The power reflectance and transmittance for the lower and upper surfaces obtained by use of the Fresnel coefficients 11 are
(C) We must also relate the number of photons incident upon the sphere to the parameters that characterize the light beam. The intensity profile of the beam is chosen to be that of the lowest-order Gaussian mode 11 :
where r is the radial distance from the beam's axis, z is the distance measured along the beam's direction of propagation with z 0 located at the minimum waist, and P is the total power in the beam. W ͑z͒ is the beam width, given by
and W 0 , the waist, is
where z 0 is the position along the beam axis where I ͑ r, z͒ I max ͞2, known as the Raleigh range.
(D) The average photon flux, f av , is defined as the number of photons per unit time and is given by
The power in the light beam, in terms of f av and the energy E ph hc͞l of a single photon, is
Using the results of steps (A) -(D) above, we can express the element of force produced on the sphere from the pencillike stream of photons incident at point r r as dF Az N dp z dt ,
where dp z jr 1 j
With Eq. (16), and recognizing that f av ͑ r͒ dP tot ͑ r͒͞E ph and P tot ͑ r͒ I ͑ r, z͒ ? dA, we find the element of force, dF Az :
The total axial force on the sphere that is due to the light beam is obtained by summing (integrating) all the force elements over the lower surface of the sphere:
Expressing the element of surface area in spherical coordinates, we obtain for the four axial force contributions
with R the radius of the sphere. When gravity acts in a direction opposite the flow direction of the photons, the net z-directed force is
where s s and s 0 are the densities of the sphere and the ambient material, respectively, and g is the gravitational constant. Equation (26) permits the calculation of the net force on the sphere centered in a Gaussian beam, based on the optical and physical properties of the light beam, the sphere, and the surrounding medium.
B. Radial Force
The sphere's radial component of the momentum change that is due to a single photon's being reflected or transmitted at the lower or upper surface of the sphere is given by
The angle f is the angle between the direction of the radial component of the momentum and the radial direction shown in Fig. 1 . The lower subscript r indicates radial direction with respect to the central axis of the sphere. Following the steps leading to Eqs. (19) and (20), we can similarly write dp
The net radial force, which does not include a contribution from gravity, can be written as
with the four force contributions given by
When the sphere is not centered in the Gaussian beam, r is a function of f as well as of u 1 and is given by
where a is the relative offset between the sphere's central axis and the Gaussian profile maximum. Equation (33) governs the centering of the sphere in the Gaussian profile. The use of Eqs. (26) and (33) permits suitable modeling of the levitation phenomena observed in the laboratory. 
NUMERICAL CALCULATIONS
Force equations (26) Figure 2 shows a plot of the net force on a sphere with R 0.75W 0 versus the separation between the minimum waist of the Gaussian beam and the lowest point on the surface of the sphere, d, measured along the z direction of Fig. 1 . The axial force is a maximum when d is zero and decreases with increasing d. At the distance where the force is equal to zero, d 830 mm, the upward radiation force produced by the photons equals the downward force that is due to gravity; see the inset of Fig. 2 . This distance is the location of the stability position, or the point of suspension. The sphere placed at this position will move neither upward nor downward but is levitated as is commonly observed in experiments on optical levitation. 12 The general shape of the curve shown in Fig. 2 is independent of the beam power and densities. Changing these parameters results in a shift in the zero crossing point of the force curve. Changing the radius of the sphere, however, changes the shape of the force curve with distance.
A. Axial Computations
We now consider the situation when R W 0 , as shown in Fig. 3 A positive slope in the forceversus-distance curve, when F 0, indicates an unstable equilibrium, whereas a negative slope indicates that a stable equilibrium point should be observed. Figures 2 -4 show that the shape of the force curve is dependent on the radius of the sphere. The axial force expression can be rewritten as
where A is the contribution that is due to the photons and B is the contribution that is due to gravity and can 0 ͑R͒P , we can obtain an expression between P and R:
The dependence of A 0 on R arrives through the parameter r, Eq. (38) with a 0, of the Gaussian profile equation (13) . Equation (40) illustrates that the power that one requires to maintain different-sized spheres at the same levitated position is not a linear function of the sphere radius R. The variations of A 0 ͑R͒ with R are small when R is less than or equal to W ͑z͒ because the Gaussian profile is nearly uniform over the region close to the central maximum. Figure 5 shows a plot of power versus sphere radius for the parameters indicated. The slope of the curve at any point gives the ratio B͞A 0 ͑R͒. A perfectly buoyant sphere with s s s 0 has B 0, and therefore P 0 as expected. The behavior of the stable levitation power versus sphere radius remains to be verified in the laboratory.
The axial behavior of the spheres in the Gaussian beam have been observed experimentally in our laboratory and reported in the literature 13 by others. Published experimental results are in excellent agreement with the predictions of the theory presented here. Not only is the behavior of the spheres well modeled, but so also is the magnitude of the net axial force applied to the spheres.
B. Radial Force
The radial force experienced by a sphere as a function of the separation between the beam center and the sphere's central axis, offset a, is shown in Figs. 6 ͑R 0.75W 0 ͒, 7 ͑R W 0 ͒, and 8 ͑R 8.5͞2W 0 ͒. The radial forces are all zero when the sphere is perfectly centered on the laser beam because all radial components cancel. The radial force is also zero when the offset is large because the sphere is completely outside the photon stream. Between these two zeros the radial force obtains a positive maximum, indicating that a sphere in the beam will be pulled toward the central maximum of the beam Fig. 10 , for the radial force, confirms that both equilibrium distances are unstable because the radial force is always less than or equal to zero for all axial distances.
profile. Comparison of the radial force curves and the axial force curves shows that the radial forces can be much larger than the axial forces when the spheres are located close the minimum waist position. The radial forces also act over a smaller range. The combination of the larger force and the smaller range results in the centering of the sphere in the beam before any significant movement occurs in the axial direction.
C. Sphere with Relative Index , , , 1
The inability to levitate spheres with the relative index n s ͞n 0 , 1 has been reported. 7, 8 Figure 9 shows a typical plot of the net axial force versus distance, and Fig. 10 shows the radial force versus offset for various axial distances. In both plots n s ͞n 0 0.966. The axial force curve indicates that both stable and unstable equilibrium points should exist for the sphere at the power level of 20 mW. However, examination of the radial force curve illustrates that all equilibrium points predicted by the axial force curve are unstable because the radial force is never larger than zero. Numerous other plots were generated, and all have shown that for spheres with a relative index of less than 1 the equilibrium positions, if they exist, are unstable. A transparent sphere with a relative index of less than 1 cannot be levitated, in agreement with experimental observations.
D. Reflecting Sphere
The inability to levitate reflective spheres has been reported 8 in the literature. Figure 11 shows the axial force versus distance, and Fig. 12 shows the radial force versus offset when jr 1 j 2 1 and R 15W 0 . Examination of the axial force curve indicates that for the power level used to generate the curve a stable equilibrium position of d 850 mm is expected. However, examination of the radial force-versus-offset curve shows that this and all other points are unstable because the radial force never becomes greater than zero. The reflecting sphere approaching the beam will experience a force that pushes it away from the photon stream, in agreement with experimental observations. Fig. 10 . Radial force versus radial offset for a sphere when n s ͞n 0 0.966. The legend in the figure indicates the axial separation, in micrometers, between the beam's minimum waist location and the lowest point on the sphere. The figure shows that the radial force is never greater than zero. This indicates that the sphere is pushed outside the beam and is not levitated. Fig. 11 . Axial force versus distance for a perfectly reflecting sphere. The zero axis crossing of the force curve tends to indicate that perfectly reflecting spheres can be levitated. However, Fig. 12 , for the radial force, confirms that the equilibrium position is unstable because the radial force is always less than zero for all axial positions. Fig. 12 . Radial force versus radial offset for a perfectly reflecting sphere. The legend in the figure indicates the axial separation, in micrometers, between the beam's minimum waist location and the lowest point on the sphere. The radial force is never greater than zero, indicating that these spheres are pushed outside the beam and are not levitated.
CONCLUSION
In this paper we have shown that the axial and radial forces applied to micrometer-sized spheres can be obtained from a ray-optics model. The theory can easily be adapted to other particle shapes and beam profiles without changing the procedure for deriving the forces. Numerical computations model well the observed experimental observation reported in the literature.
